In this paper we develop a conservative sharp-interface method dedicated to simulating multiple compressible fluids. Numerical treatments for a cut cell shared by more than two materials are proposed. First, we simplify the interface interaction inside such a cell with a reduced model to avoid explicit interface reconstruction and complex flux calculation. Second, conservation is strictly preserved by an efficient conservation correction procedure for the cut cell. To improve the robustness, a multi-material scale separation model is developed to consistently remove non-resolved interface scales. In addition, the multi-resolution method and local time-stepping scheme are incorporated into the proposed multi-material method to speed up the high-resolution simulations.
plying the ghost fluid method [15] on the multiple level-set functions to avoid complex interface interaction, however, it leads to the nonconservation issue [16, 13] . Interface interaction model with conservation-preserving property has been developed for two-phase flows [17, 18] , but, to our knowledge, not been proposed for more than two fluids.
Numerical methods may suffer from a lack of robustness when complex interface topology changes, such as sudden generation and destruction of small thin filaments and isolated droplets, are encountered. Interface scale separation models based on refined level-set grid method [19, 20] and identifying resolved/non-resolved interface segments [21] have been proposed for two-phase flows to remove non-resolved structures. More recently a model empolying the constrained stimulus-response procedure [22] is developed for interface scale separation to increase the robustness for simulations of compressible interfacial flows, whose computational efficiency has been improved [23] . However, the scale separation model for more than two materials is not developed in the literatures and the extension of previous models [19, 20, 22, 23] is not straightforward.
The objective of the present paper is to develop an efficient and robust numerical method for compressible multi-material flows. In order to ensure conservation and sharpinterface property, several operations related to the interface network are proposed. First of all, the interface-network evolution is captured accurately and efficiently by a recently developed multi-region level-set method which is a combination of original level-set and regional level-set methods to adopt the respective advantages of these two methods. In order to maintain conservation and impose sharp-interface treatment, we extend the two-phase conservative sharp-interface method by introducing a conservation correction and a reduced interface-interaction model in each multi-material-cell. A multi-material interface scale separation model is proposed to remove non-resolved interface segments and thus increase the robustness in high-resolution simulations. The paper is organized as follows. In Sec. 2, our multi-material sharp-interface method, including the multi-region level-set method, conservative finite volume method, reduced interface-interface model and multi-material interface scale separation operation is detailed. The proposed method gains computational efficiency by the multi-resolution method and local time-stepping scheme. The accuracy, capability and robustness of the method are demonstrated in Sec.
3 by a range of numerical examples, followed by a brief conclusion in Sec. 4.
Numerical method

Governing equations
The governing equations of invisicid compressible flows are
where U = (ρ, ρu, ρv, ρw, ρE) T , in which ρ, u, v, ρw, and ρE are the density, the three velocity components and the total energy with relation E = e + 
To close the governing equations EOS is required to describe the thermodynamic properties of the materials. The EOS for an idea gas states
where γ is the ratio of specific heats. While for water-like fluids, the pressure is determined by Tait's equation of state
where ρ 0 and p 0 are the reference density and pressure, and B is a constant. Other EOSs may also be employed in compressible multi-material flows, such as the stiffened gas EOS for water under very high pressure, the Jones-Wilkins-Lee EOS for the detonationproducts gas and the Mie-Grüneisen EOS for solid mechanics [24] .
The multi-material fluid dynamic problem contains multiple different fluids. Assuming there are N materials (or fluids) in the problem to partition the entire domain, Ω = χ∈X Ω χ , where Ω χ is the material domain and X = {χ ∈ N|1 ≤ χ ≤ N } is the index set for all materials. Given ξ, η ∈ X and ξ = η, we define ∂Ω χ as the material boundary, Γ ξη = ∂Ω ξ ∂Ω η as the pairwise material interface that separates the two 4 material domains, Γ = Γ ξη as the interface network, and J = Γ ξη as the multiple junctions. Each material has its individual material parameters (such as viscosity and surface tension) and EOS.
Interface capturing
To capture the evolution of complex interface networks, we have developed the multiregion level-set method which is a combination of the original level-set method [7] and the regional level-set method [14] . Globally we use a single regional level-set for representing the multi-region (or multi-material in this paper) system to significantly reduce the memory cost. Locally we construct multiple local level-set functions to directly capture the evolution of the interface network in order to save computational effort and avoid inaccuracies in reconstructing the interface network. Although the total number of materials may be very large, locally the number of materials is limited, so solving multiple locally constructed level-set advection equations is efficient. This method can achieve high-order accuracy for pure advection and rotation cases without artifacts generation [12] .
The total system can be represented by regional level-set function ϕ
where ϕ(x) ≥ 0 is the unsigned distance function and χ(x) is an integer material indicator. Then the material domain Ω a is identified by the indicator, Ω ξ = {x|χ(x) = ξ}, and the interface network is defined as Γ = {x|ϕ(x) = 0}. On a two-dimensional uniform Cartesian grid, regional level-set ϕ χ i,j = (ϕ i,j , χ i,j ) is defined at the center of the finite-volume cell C i,j . The N s materials contained in a local set of cells V s = {C k,l |i − 1 < k < i + 1, j − 1 < l < j + 1} are labelled indirectly by a local index set
By using a construction operator for generating the local multiple level-set fields and a reconstruction operator for reconstructing the global regional level-set field from the local level-set fields, the evolution step contains three main procedures for C i,j :
(1) Construct N s local level-set fields φ r,n k,l for the current time-step n at the center of each cell C k,l which belongs to the spatial discretization stencil of C i,j : 
where m is the number of Runge-Kutta sub-steps, β s is the parameter in the s-th substep, v is the advection velocity, and (∇φ r )
i,j is the finite difference approximation of the spatial derivative at the center of a finite-volume cell C i,j . by the reconstruction operator R
Conservative sharp-interface method
Here we extend the two-phase discretized governing equation of conservative sharpinterface method [18] to multi-material flows. In a two-dimensional uniform Cartesian grid with grid spacings ∆x and ∆y, the flow variable U is defined at the center of the finite-volume cell. For each material χ residing in cell C i,j , we can integrate Eq. 2 over the space-time volume C i,j ∩ Ω χ (t) and apply divergence theorem to obtain
where
contains two parts: one is the combination of the four segments of the cell faces after cut by the material interface, which can be written in the form of A χ i+1/2,j (t)∆y, A 
6 where ∆t is the time step size determined by CFL condition. α χ i,j U i,j is the conservative quantity vector in C i,j , with U i,j being the cell-averaged quantity vector of the material χ.F is the numerical flux at cell-face andX(∆Ω χ i,j ) is the momentum and energy exchange flux determined by the interface interaction model discussed in Sec. 2.3.3.
Conservation correction for a multi-material-cell
For the material χ summing Eq. (9) over the its material domain Ω χ yeilds
For two-phase flows, overall conservation can be achieved by summing Eq. (10) for the two fluids because interface-exchange term in cut cell always has opposite sign and the sum of volume fractions of the two fluids equals 1. While for multi-material flows, although the volume fractions in a two-material-cell satisfies α χ1 + α χ2 = 1, in a multimaterial-cell where more than two materials meet the sum of volume fractions may be r∈Xs α χr = 1.0 if we assume the material boundary segment is piecewise planar inside a cell. For example in Fig. 1(a) , the planar material boundary segments of tree materials never coincide, resulting a shadowed void region, and thus α a + α b + α c < 1.0. To correct this inaccurate total volume fraction, the piecewise planar assumption no longer holds true in this cell. A straightforward way is to explicitly reconstruct the sub-cell topology inside this multi-material-cell as shown in Fig. 1(b) . Note that all the three material boundary segments are not planar now. The new volume fraction for each material is upadted by
Although this procedure is considered to be accurate as long as the explicit reconstruction method is sufficiently accurate, it is computational expensive especially in three dimen-
sions. An alternative efficient way plotted in Fig. 1 (c) suggests that instead of explicitly reconstructing the sub-cell structure, we only modify the volume fraction corresponding to the least mass inside this cell:
Thus this method is efficient especially in 3D as no reconstruction is needed. Although it does not resolve the sub-cell structure and is considered less accurate than the firstmethod, the error is limited as the dominated material (labelled by primary indicator)
inside this cell has a volume fraction larger than 0.5 and it does not change its value during correction.
Material interface interaction model
For each connected material pair (Ω ξ , Ω η ), its interface interaction occurs at the pairwise interface Γ ξη and is described by a Riemann problem. Solving this Riemann problem obtains the interface condition which is used to calculate the exchange fluxX in Eq. (9) and the interface advection velocity v in Eq. (6). Hu et. al [24] has proved that the HLLC Riemann solver [25] is roust, accurate and efficient to handle two-phase flow with very strong interaction and large jumps of material properties. In this paper, we employ their implementation to solve the multi-material interface interactions. For instance, the finite-volume cell C i,j in Fig. 2 
where the superscript "g" indicates the ghost state at the cell center. Then we rewrite the EOS with a general form
and the speed of sound c s with
where Υ is the Grüneisen coefficient and Ψ determines the material properties [24] .
Afterwards, the HLLC solver is invoked to obtain the two intermediate states,
where S M is the speed of contact wave or material interface. Toro et al. [25] use the jump conditions and the integral form of conservation law to obtain the normal contact wave velocity
and the intermediate pressure
which describe the interface condition. The minimum and maximum wave speed S L and S R are estimated by
For two adjacent states described by different EOSs, the averaged speed of soundc s is obtained byc
where the tilde on the right side indicates Roe-averaged values
and
Then we can calculate the interface flux between materials ξ and η according to the interface condition (u * ξη , p * ξη ) obtained above, where u * ξη = u * ξη n ξη . For a two-materialcell, the fluxX in Eq. (9) has the same form as that in Ref. [11] . The multi-material-cell, such as a three-material-cell in Fig. 2 , has a more complex interface flux
where the interface network inside the cell, ∆Γ OC , are the line segments plotted in Fig.   9 (b). The interface condition is used to calculate the flux, such aŝ
Although this "full interaction model" is accurate to calculate the interface flux, it is time consuming due to the fact that explicit extraction of interface-network is necessary to calculate the length and normal direction of ∆Γ OA , ∆Γ OB and ∆Γ OC . And it is difficult to extend to 3D since the number of interface segments for each material may be excessive.
Consequently, we use a reduced interaction model for a multi-material-cell. The basic idea is that only consider the interaction between the heaviest two materials inside a multimaterial-cell. Assuming the mass of each material has a relation, Fig. 9 , the reduced model is given bŷ
where ∆Ω a AC is the material boundary of material a represented by its local level-set.
The normal direction n ξη in the full interaction model can be approximated by the normal of a particular material boundary. As shown in Fig. 1(a) , the three normal directions of material a, b and c are defined at the cell center and can be calculated by its corresponding local level-set function
Note that the normal direction points into the respective material. Then the local coor-
Additionally, the interface flux is modified bŷ
where n a is used to replace n ac as α a ρ a > α 
where the second and third terms on the right hand side represent the sum of all mixing exchanges on cell C i,j in the x and y directions, respectively.
Interface scale separation model
In this section, we discuss a numerical procedure for consistent removal of non-resolved interface segments during multi-material simulations. For a given spatial resolution nonresolved interfacial scales, such as thin filaments and small droplets, need to be removed in order to avoid proliferation of artifacts, so the separation of resolvable and non-resolvable interface scales are necessary. For non-resolved interface in two-material-cells, the scale separation operation is performed with the model in Refs. [22, 23] without modifications.
While in multi-material-cells, non-resolved interface structures may occur across different material domains, so the scale separation model must have the adaptation to multimaterial interfaces, i.e., after the removing, new interfaces need to be constructed between these materials to make sure those different materials keep separated with a different connection relationship. The basic idea of our interface scale separation model is same as the previous two models [22, 23] : although each material domain is simply connected forall resolved part, its sub-domain covered by the − -material-boundary which is obtained by slightly shifting the material boundary inward is not so for non-resolved part. This property is used to find "oddball cells" where non-resolved interface exists. We define the ± -material-boundary as
where the is a positive constant [22] and equals 0.75h for 2D and 0.9h for 3D to remove interface segment whose scales are smaller than grid scale h [22] . The set of cut cells S 0 which contain the segments of the interface network is defined as
For each material χ we define S χ ± as the sets of cut cells containing the segments of ∂Ω
Then the implementation of this model contains three main steps. First we identify the oddball cells where non-resolved interface segments reside. The selection criterion of oddball cells is similar with Ref. [23] , which requires that each oddball cell can not find any neighbor that belongs to S χ1 − :
where χ 1 = χ i,j is the primary indicator of C i,j . Second the local non-resolved topology of the oddball cell in S * is altered to a new resolved topology by replacing the its indicator with the indicator corresponding to second largest volume fraction
as it has the largest possibility after scale separation. Note that this procedure automatically generates a new interface. Finally, the unsigned distance function of cell containing non-resolved interface segment is assigned with a reasonable new values with respect to the interface network of the new resolved topology. This is accomplished by the same operation in Ref. [23] due to its efficiency. Because the considered cell C i,j in S * belongs
to Ω χ * 1 after scale separation, we calculate the distance from its center to ∂Ω
where (i 0 , j 0 ) is the index pair of the cell in S
(n x , n y ) are the unit normal vector at the center of C i0,j0 . Then we update the regional level-set with 
Space-time adaptivity
To archive high computational efficiency and low memory storage, the space-time adaptivity strategy developed in Ref. [26] is incorporated into our compressible multimaterial method with minor changes. In detail, the multi-resolution method [27] is
used for mesh refinement due to its high rate of data compression. The projection and prediction operators [28] are defined based on the cell-averaged multi-resolution representation. For simplicity, the 1D operators with 5th-order interpolation are
where is the index of levels and γ m is the interpolation coefficient. The the mesh refinement and coarsening are accomplished by comparing the prediction errord ,i = 13 ū ,i −û ,i with a level-dependent threshold [26] . A multi-step Runge-Kutta local time stepping scheme [29] is employed to archive time adaptivity and thus obtain additional speed-up. To maintain strict conservation a conservative flux correction [29] is adopted between cells with different levels.
The pyramid data structure and storage-and-operation-splitting approach proposed in Ref. [26] are used here. The block containing cells which reside in the narrow band of the interface network is refined to the finest level max and denoted to "multi-material block", otherwise to "single-material block". In such way the operation related to interface, including interface interaction, mixing procedure, scale separation and level-set advection, are only conducted at the finest level. The block position identifier [26] is used to distinguish the block location. The identifier at the finest level is 1 whenever the block has cells which occur in the narrow band of any cut cell, otherwise it is 0. A cell C i,j contains interface network if it is intersected by the zero contour of local level-set
or the indicator field in V s is different with χ i,j ,
Then the position identifier of blocks at other levels are obtained according to Ref. [26] .
The final multi-resolution representation of a multi-material problem is generated by locations of interface and shock waves, see Fig. 4 for example.
Note that the "single-material block" may also exist at the finest level if shock wave resides in this block. For a "multi-material block", we allocate memory for one single Note: the velocity u is zero everywhere.
* For the helium-air-R22 shock tube problem, just change γ to 1.249 in 0.5 ≤ x ≤ 1.0.
Numerical validation
In this section, we assess the accuracy and robustness of present method by a number of 1D and 2D test cases. First, the 1D multi-material shock tube and ICF implosion are tested. Then more complex 2D cases, including 2D ICF implosion, compressible triple point and shock wave interactions in multiple materials serve to demonstrate the robustness of interface interaction model and multi-material scale separation method in high-resolution simulations. For all test cases, the fluid dynamics and interface advection are solved by a 5th-order WENO [30] and a 2nd-order TVD Runge-Kutta scheme [31] , with a CFL number of 0.6.
Shock-tube problem (I)
Three-material shock-tube problem of two helium gases and one air gas modeled by ideal-gas EOSs are simulated by our method. This case is a extension of the two-material shock-tube problem in Refs. [18, 15] . Reflective boundary conditions are applied at x = 0 and x = 1. The initial condition is listed in Table. 
1D Cylindrical ICF implosion (II)
The setup of our implosion simulations in cylindrical geometry is taken from Ref. 
according to Ref. [32] .
The locations of inner and outer interfaces of the shell are plotted in Fig. 6 . In Fig.   6 (a), our results converge to the Lagrangian result [32] with the cell number increasing from 160 to 1280. In the initial stage the outer interface moves inward under a constant driven pressure, leading to a shrinking of the shell until t = 0.047. Then both the interfaces move towards the core. As the contraction speed of the outer interface is larger than that of the inner one, the thickness of the shell increases. The deceleration of the light fluid is observed from t = 0.17 to t = 0.24 when the radius of inner interface reaches its minimum value (referred to as "stagnation time" [32] ). Afterwards the light fluid exhibits a expansion. In order to demonstrate the high flexibility of our method, we conduct multiple simulations with varying parameters, r 2 and γ 2 , which are the radius of the outer interface and the ratio of specific heats of the heavy fluid, respectively. This simple parameter study is useful in designing a ICF capsule as the thickness of shell and EOS used in the previous simulations [32] are not realistic. As shown in Fig. 7(a) , the thickness of the shell during the simulation, the stagnation time and the compression rate reduce with the initial thickness ∆r = r 2 − r 1 decreasing from 0.30 to 0.05. When the ratio γ 2 /γ 1 varies from 1.0 to 10.0, the profiles for the inner and outer interfaces areshifted downwards and upwards, respectively, as plotted in Fig. 7(b) . Thus the archived minimum radius of inner interface decrease as the γ 2 /γ 1 increase, indicating that stiff shell materials generate high compression rate.
Compressible triple point problem (III)
In this section we simulate the compressible triple point problem which contains three perfect gases and is usually used to validate the accuracy and robustness of Lagrangian or ALE methods in simulations of mutli-material compressible flows [32, 33] . with the numerical results in previous literatures [32, 34] . The development of the shock system is illustrated in Fig. 9 . Initially, both the solutions of the Riemann probelms at discontinuities Γ 13 and Γ 12 are composed of a contact discontinuity (C1 or C2), a leftward rarefaction wave (R1 or R2) and a rightward shock wave (S1 or S2), see Fig. 9 (a). The shock S1 moves faster than S2 as the acoustic impedance has a relation ρ 2 c s,2 > ρ 3 c s,3 .
As a consequence, a distinct roll-up region formulates around the triple point, as shown in Fig. 9(b) . Besides, near the triple point the shock reflection pattern is more complex as different waves interact with each other. Meanwhile, the perturbation development is observed in Fig. 9 (c) due to the strong shear along all the contact discontinuities C1, C2
and C3, which is not observed in numerical results of previous papers [32, 34] due to the high dissipation and low robustness in high-resolution simulations. Fig. 9(d) shows the shock wave system just after S1 impacts the right boundary and reflects. At this time instant, the interface inside the roll-up is extensively perturbed, leading to numeroussmall droplets. Afterwards, S1 moves upstream and is partially refracted to generate a transmitted shock T S1, as shown in Fig. 9 (e). After S1 reaches contact discontinuity C1, it becomes a transmitted shock T S2 inside the material 1 and a reflected shock RS1 is produced to maintain the mechanical equilibrium at the interface Γ 13 , see Fig.   9 (f). Due to the Kelvin-Helmholtz instabilities along the contact discontinuities, a large number of vortical structures are produced during the simulations, as shown in Fig. 10 .
Unlike the previous numerical results [32, 34] , the roll-up core contains the majority of the small scale features, indicating the filament inside the roll-up breaks up very quickly as our sharp-interface does not introduce large numerical dissipation near the interfaces.
Furthermore, the grid convergence study in Fig. 11 
2D cylindrical ICF implosion with perturbed interface (IV)
Following the Sec. 3.2, we investigate 2D cylindrical ICF implosion problems with initial perturbations. The interface between light and heavy fluid has a single-mode perturbation [32, 35] with
where r 0 and r 0 are the initial unperturbed and perturbed radii of the light fluid, and θ is the polar coordinate. The mode number m is 5 and 47 for low-mode and high-mode perturbations, respectively. The amplitude A of the initial perturbation is 2% of the wavelength of low-mode perturbation. Free surface boundary condition is prescribed at the outer interface. There is one block at the coarsest level and the maximum level is max = 8. With each block containing 16 × 16 inner cells, the effective grid resolution at the finest level is 4096 2 . Other computational setup is the 2D extension of the 1D case in Section 3.2.
Figs. 12 and 13 show three snapshots of density gradient before and after the stagnation time, respectively. At the early stage, see the snapshot t = 0.12 in Fig. 12 , the shock wave passes the inner perturbed interface and the slight distortion of the shell and light gas bubble is observed due to Richtmyer-Meshkov instability which develops linearly in time. The length scale in Fig. 12 decreases slowly. After the maximum compression time, Rayleigh-Taylor instability develops exponentially as function of time as the archived high pressure inside the light fluid bubble begins to accelerate the heavy shell.
Hence the low-mode instability has grown substantially from the stagnation time, which is confirmed by rapid increase of the length scale in Fig. 13 . Some small secondary instability features near the inner interface are observed, as shown in the snapshot t = 0.28.
At a very late time t = 0.40, the length scale plotted in Fig. 13 indicates that whole structure has significantly expanded. The instability has grown substantially and the observed features interact extensively with each other, leading to numerous small-scale mixing [35] . For the high-mode case, the selected two snapshots in Fig. 14 , t = 0.22, t = 0.27, are just before and after the maximum compression time. As shown in Fig. 14, the outer boundary is composed of 47 fingers and show good symmetry preservation in our simulations. The mixing zone containing most of small scales at t = 0.28 is larger than that at t = 0.27, see the vorticity contours in Fig. 14 . In both the snapshots a large number of small interface scales generate, advect and interact with each other afterwards, indicating our method is extremely robust with the aid of multi-material scale separation model.
Shock wave interaction with a multi-material bubble (V)
This problem, as a complex shock-accelerated inhomogeneous flow [36] , is a combination of 2D air-helium [37, 18, 38, 26] and air-R22 [26, 39, 40] shock bubble interaction. A Mach 6.0 shock wave in air will interact with a cylindrical helium bubble with a R22 shell.
The computational domain and intitial conditions are shown in Fig. 15(a) and Table. 2, respectively. Symmetric conditions are employed at the upper and lower boundaries, while inflow and outflow conditions are prescribed at the left and right boundaries. Simulations are performed with 4 × 1 blocks at the coarsest level and max = 7, leading to an effective resolution of 8192 × 2048 at the finest level.
In Fig. 16 , the density gradient fields and materials distributions at 6 time instants illustrate the development of the shock system and the bubble deformation inside a medium with inhomogeneities of flow states. At t = 5.0 × 10 −3 , the incident shock wave is refracted after crossing the upstream front of the R22 shell. As a result of the acoustic impedance mismatch ρ 3 c s,3 > ρ 1 c s,1 at the air-helium interface, the transmitted shock wave has a concave curvature while the shock in the ambient air keeps planar.
This convergent shock refraction pattern agrees with the numerical results in Refs. [26, 40] . Meanwhile a reflected shock generates at the upstream front and then propagates upstream inside the air [41, 36] . When the concave transmitted shock wave impacts on the R22-helium interface, the reflected rarefaction occurs and moves upstream inside the R22 shell. The acoustic impedance mismatch ρ 2 c s,2 > ρ 3 c s,3 at the air-helium interface produces a convex transmitted shock inside the helium bubble. This shock propagates downstream and subsequently impacts on the downstream surface of helium bubble. At t = 1.0 × 10 −2 , it moves across the interface entirely and becomes a re-transmitted shock in the R22 material, as shown in Fig. 16(b) . Correspondingly, a Mach stem, triple point, slip line and re-transmitted reflected shock (moves to the upstream of the helium bubble in Fig. 16(b) ) are produced in R22 material during this process [41] . Along the vertical direction one can observe a "fast-slow-fast-slow-fast" type of shock speed according to definition of Zabusky and Zeng [42] . The deformed helium bubble has a similar shape with previous numerical results [18, 38, 26] , although its incident shock is not planar here.
The materials of helium and R22 are accelerated with significantly different shock speed and the global shape is extremely distorted, corresponding to "fast-slow-fast-slow-fast" shock wave, see Figs Fig. 15(a) for details.
** Tait's EOS is used for water column and idea gas EOS is for other gaseous materials.
A multi-resolution representation in Fig. 16(b) confirms our mesh refinement criterion,
i.e., all blocks near the interfaces and shock structures are refined to the finest level, max = 7.
Shock wave interaction with an Helium bubble and a water column (VI)
In this case, a helium bubble is initially accelerated by a Mach 6.0 planar shock and then impacts on a water column. This can be considered as a combination of shock-helium interaction [37, 18, 38, 26] and shock-water interaction [26, 40, 43] . The complexity arises when the shock-accelerated helium bubble impacts on water column. The computational domain and initial conditions are detailed in Fig. 15(b) and Table. 2 while the boundary conditions are same with Sec. 3.5. We refine 4×1 blocks at the coarsest level to max = 6
to obtain an effective grid resolution of 4096 × 1024 at the finest level.
We plot 4 density gradient fields in Fig. 18 at t = 1.0 × 10 −2 , 1.2 × 10 −2 , 1.5 × 10 shock are generated at the helium-water interface. As the speed of sound in helium is comparable with that in water, the transmitted shock in water and re-transmitted shock in the ambient air forms a bow shock wave together. Due to high stiffness of water column, the helium keeps closely touched to the water column, as shown in Fig. 18(b) .
From t = 1.5 × 10 −2 to t = 1.8 × 10 −2 , the two roll-up regions of helium propagate across the water column, while few material of helium resides along the upstream surface of water column and small droplets are generated due to the obstacle effect of water column.
Meanwhile the shock refraction pattern develops extensively and is more complex than those in previous literatures [41, 36] .
Conclusion
The proposed conservative sharp-interface method employs the multi-region level-set 
